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On the basis of the functionally-invariant splutions of the wave equation, sugges~
ted by Smirnov and Sobolev, we give a closed solution of a class of selfsimilar
problems of the dynamical theory of elasticity, This class contains the following
problems: (a) a half-plane, arbitrarily loaded at the boundary (including the
case when the endpoints of the loaded segments move with arbitrary constant
velocities); (b) the contact problem for the half-plane, when the ends of the
contact areas are displaced with arbitrary constant velocities; (c) a collection
of arbitrarily loaded cuts along the same line, moving with constant velocities,
the different endpoints of the cuts having, possibly, different velocities, The solu-
tion of the indicated problems are reduced in the simplest cases to the Dirichlet
problem or to the mixed Keldysh-Sedov problems of the theory of analytic func-
tions of a complex variable, In principle, the procedure for finding the solution
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isnot more complicated than for the similar problems of statics and steady dynamics
(the solution of the latter problems has been found basically by Kolosov, Muskhe~
lishvili,Galin and Radok), First we introduce the general representations of the
solutions by analytic functions of the complex variable for an arbitrary index of
selfsimilarity and we describe the general method of solution, Then we illustrate
the method with some concrete problems of the indicated class, The examina-
tion is restricted to the plane problems for the homogeneous and isotropic body;
however the method can be easily generalized to the case of an anisotropic
piecewise~homogeneous body, when the upper and lower half-planes have dif-
ferent elastic constants,

In 1932, Smirnov and Sobolev have discovered a class of solutions of the wave
equation, in which the solution is represented in terms of an analytic function of
a complex variable [1](see the Appendix), In particular, this class contains the
selfsimilar problems, Some interesting problems from the theory of the diffrac-
tion of plane elastic waves at a cut [2, 3] and at a wedge have been analyzed
by the Smirnov-Sobolev method, however, in the majority of the solutions of the
dynamical problems of the theory of elasticity, obtained in the last 20 years,
considerably more cumbersome methods have been used, requiring a large vo-
lume of computational work, We enumerate some of the most well-known solu-
tions,

The problem of the sudden appearance of a rectilinear semi-infinite fixed
cut in a constant tension field has been solved [4] and also the problem in which
the same cut moves with a fixed velocity from the instant of its appearance [5],
The propagation of a crack with a constant velocity in both directions, with ini-
tial length equal to zero in a constant tension field has been investigated [6]
(the corresponding axisymmetric problem has been considered in [7, 8], Some
dynamical problems of crack propagation are studied in [12] and a sufficiently
detailed survey of the literature is given there, In [13 — 15] Broberg's problem
[6] has been generalized to the case of an anisotropic material and to the case
of an arbitrarily given normal load on the crack which maintains the selfsimilar
character of the problem, All the indicated solutions are selfsimilar with index
(0, 0) (see monograph [1] and also Sect, 1 of the present paper),

To these problems belong also the contact problem of the impact of a wedge
on a half-plane [18], the problem of the motion with a constant velocity of a
concentrated force on the boundary of a half-plane starting at some initial inst-
ant [19], the contact problem on the thrust of a die against a half-plane’ [20].
In the problems [18 ~ 20] the index of selfsimilarity is different, A large num-
ber of analogous selfsimilar problems has been considered in the acoustic appro-
ximation which correspond to shear in the theory of elasticity (see, for example,
[21]).

In recent papers {22, 23], simultaneously and independently, the problem of
the motion of a semiinfinite cut with a constant velocity (as in Baker's problem)
has been solved ; concentrated forces are applied to the sides of the cut, This
solution can be used as the Green's function in the case of arbitrary static loads,
Making use of the characteristic property of the stress intensity coefficientin the
obtained solution, one has succeeded to generalize it to the case of the motion
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of the cut with an arbitrary nonconstant velocity for arbitrary applied loads [22],
In the present paper we develop a general approach to the selfsimilar prob-
lems of the dynamical theory of elasticity, which aliows us to obtain their solu-
tion in a very simple way in closed form, This approach is based on the general
representations of the solutions in terms of analytic functions of a complex vari~
able which allows us to formulate at once the indicated selfsimilar problems as

some Riemann-Hilbert problems for the half-plane (in the simplest cases one
obtains the Dirichlet problem and the mixed Keldysh-Sedov problem), The
Riemann-Hilbert problem for the half-plane can be easily solved with the aid
of the standard methods, presented for example, in [24, 25]. In Sects, 2 — 4 we
consider also some concrete problems of puﬁches, of moving loads and of cracks,
The indicated general approach has been applied previously to the solution of
different particular problems [26 — 30].

1, General representations, The method of solution, We assume
that a homogeneous and isotropic elastic body is in a state of plane strain, The funda-~
mental equations of the dynamic theory of elasticity have in this case the following

form: U= 1y - Uy, (AR MRS R AN (1.1)
dur vy it B Do
ay ~ Bx dr T ay
1 Puy 1 %y
Aup=—5 g > Boe=—5 Zp -1 (1.2)

Here u (x, y, t) and v {z, 7, t) are the displacement components with respect to the
axes x and y of the Cartesian coardinates, respectively, ¢, and ¢, are the velocities
of the longitudinal and transverse waves ((?1 > cz).

The components 0, G,, T., of the stress tensor are, according to Hooke's law (n

is Lamé's constant)
P IS LA N
» 77 e e T dy / = 9"/

o2 | du dv Ju’ 1.3
3, = W e | b S 220 s
Gy =i { 79* ( auw t < } 2 é)xJ (1-3)
/ M dv
Tow = Wiy gy

We indicate a class of selfsimilar plane problems of the dynamic theory of elasticity,
whose solution with the aid of the complex variables z, and z,, where

xt — iy V»t! — «‘"‘j?‘ (r* 3 g%
Zy - - : (-1, 2) (1.4)

RNV

reduces to the Riemann-Hilbert boundary value problem from the theory of analytic
functions of one complex variable (in the simplest cases to the Dirichlet problem or to
the mixed Keldysh-Sedov problem), This class includes the following problems [17].
The first fundamental problem (problem A} (a) an infinite elastic
half-space 3 > () has an arbitrary number of loaded segments along the z-axis, the
endpoints of these segments, having coordinates x , are moving with constant velocities
V., so that », - V, ¢ (in particular, the velocities of some endpoints may be equal
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to zero):
b) at the initial instant { == ( the half-space is at rest;
c) the normal and tangential loads on the indicated segments are arbitrary linear
combinations of the following functions:
A", (@ AR ()

da™ dtk (15)
where
{O for £<0
f’: (E): i fae £ 0 1 0N
135 or ¢ -~V \i1.0)
Here k, I, m, n are arbitrary positive integers,
The second fundamental problem (problem B): (a) the infinite
elastic space has an arbitrary number of cuts along the z-axis, the endpoints z,, of the
cuts moving with constant velocities V,, so that z,, = V¢ (in particular,some ¥,

may be equal to zeroj;

b) at the initial instant ¢ = O the space is at rest;

c) the normal and tangential loads on the cuts are arbitrary linear combinations
of the functions (1. 5) (see also (1,6)), the loaded segments need not coincide with the
cuts and may move with their own velocities,

The contact problem (problem (): (a) an infinite elastic semispace
¥ > 0 has an arbitrary number of loaded segments along the x-axis, the endpoints of
these segments with coordinates z,, are moving with constant velocities, so that ¥, ==
V.t

b) at the initial instant ¢ = () the space is at rest;

c) on the loaded segments we have boundary conditions of one of the three types:
(1) the normal and tangential displacements are given as some arbitrary linear combi-
nations of functions of the form (1, 5), (1. 6) (a rough punch); (2) the tangential stresses
are equal to zero and the normal displacements are linear combinations of functions of
the form (1, 5), (1. 6) (a smooth punch); (3) the tangential stress is directly proportional
to the normal stress (i.e, Coulomb’'s law Ty, = /CO'y) of dry friction is given), and the
normal displacements are linear combinations of functions of the form (1. 5), (1.6).

For m > n, the first factor in (1, 5) represents, except for a numerical coefficient,
the (m — n - 1)-th derivative of the Dirac delta function; this remark refers also
to the second factor, with the obvious correspondence of the indices m — k£, n — .

The type of the selfsimilar Problem A, B or C is determined by the two numbers
m — n and k — [. The pair of numbers (m — n, k — [) will be called the self-
similarity index of the Problems A, B, C. In order to solve a problem of the above
mentioned type, one has first to determine the selfsimilarity index of the boundary value
problem, or else, to represent the boundary conditions in the form of a linear superposi-
tion of selfsimilar problems with different indices. Then, for each index one has to intro-
duce the corresponding general representations in terms of analytic functions and then
to solve the concrete boundary value problems of the theory of analytic functions ob-
tained from the boundary conditions, In the general case of the boundary conditions
given above, it is necessary to solve the Riemann-Hilbert boundary value problem with
discontinuous coefficients for one complex variable in the halfplane; this is a well stud-
ied problem and its closed solution can be obtained without difficulty (see, for example,

[24, 25]).

n»



588 E.F.Afanas'ev and G.P.Cherepanov

We note at once the following two circumstances.

1). An arbitrary continuous function of two variables z and ¢ in any closed do-
main can be uniformly approximated by some polynomial, i.e, a sum of terms of the
form z™¢". To each of these terms in the boundary conditions of the Problems 4, B
and C (see (1, 5) and (1,6)) there corresponds a well defined selfsimilarity index, Con-~
sequently, the case when the given loads or displacements represent arbitrary continuous
functions reduces to the considered case, In addition, an arbitrary function of 2 anc ¢-
can be represented in the form of a linear superposition of 6,-shaped and 8,-shaped
functions, for each of which the solution will be selfsimilar and can be used as a Green's
function,

2). From the solutions of the boundary value Problems A, B and C , the solution
of the corresponding static and steady dynamic problems of the plane theory of
elasticity can be obtained as some limiting cases, We indicate the corresponding limit-
ing processes:

The limiting quasi~static problem

vV, —0, t —> oo, Vot — a, (1.7)
the limiting quasi-steady dynamic problem
Vo=V 3¢, e,—0, t—o, et—a, (1.8)

Here V and @, are some constants,

Consequently, the indicated class of solutions of the dynamic theory of elasticity is,
essentially, the analog of the plane static problem for the half-plane [31] and of the
plane steady dynamic problem for the half-plane [32, 33].

We deduce general representations for the most commonly used selfsimilar types,
From dimensional analysis it follows that for every selfsimilarity index there exist func-
tions which satisfy the wave equation and are homogeneous functions of z, 7, t of
dimension zero, These are the following functions:

1° the displacements z and v, Problem (', index (1, 0);
2° the stresses 0., 0, T,,, Problems A and B, index (0, 0);
3° the displacement potentials ¢ and 1, Problems 4 and B, index (1, 1); we
recall that A o g P
‘W"l_—a?/‘, v W‘Wr— (19)
4° the functions Ly and Lv, Problem C, index (m, n);
5° the functions 1.0 ., Lo, LTy, Problems A and B, index (m, n).
In 4° and 5°,by L we understand the following linear differential operator:

0m+n

L= —— (1.10)

ax™ ™
We represent the indicated homogeneous functions of 7, 7, ¢ of dimension zero, in
the form of a sum of two terms; one of them, obviously, satisfies the wave equation for
longitudinal waves, and the other one satisfies the wave equation for transverse waves,
The first of these terms can be represented as the real part of some analytic function of
£,, while the second one as the real part of another analytic function of z, (see the
Appendix and formula (1,11)). For » =— ( we have
2y, =2, =1t/ x (y==0y

(1.11)
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Introducing the complex variable z, whose real part is equal to ¢ / x, we reduce the
boundary value Problems A, B or C of one index to the Riemann-Hilbert boundary
value problem of one complex variable z but for several functions, However, in the
case under consideration, all the functions can be expressed in terms of one function,
and the problem reduces to the standard Riemann-Hilbert problem for one function, In
the simplest cases we obtain the Dirichlet problem and the mixed Keldysh-Sedov prob-
lem,
Let us find the general representation for the five cases indicated,

1°, The displacements u and v are homogeneous functions,

According to the formulas (1, 2) and (1, 4), we have

w=Relfy (@) + (@), v=Relfz@)+fi@)l (112

The four unknown functions of complex variables must satisfy the two conditions (1.1)
which take the following form:

Re [fl (z,) ‘9;}] Re [fg (1) BZ‘J (1.13)
Re|f, (22) 2 | = — e |72 (22) %—j

Differentiating (A, 7), we find

sz . ch T —z,2 azk ck"—xk’
2 Yz ——:z:]/c —~z2 'T—yz —ch —z7= (k=1.2) (1'14)
Hence
chz — 2.3 fy (z1) = 2.f5’ (2)) 1.15)
Zofy (29) = — 1/62~2 — 2,24/ (z,)

Thus, the homogeneous displacements i and » can be represented with the aid of (1,12)
in terms of four analytic functions related by the two equalities (1,15), The representa=-
tions for the stresses are obtained from (1.12), (1, 14),(1.15) by making use of (1. 3)

. —~puRe [62-2_2(”?22)21) ( 1) +2f2 (z )a—x} {1.16)
oy = U Re [Ej;_"fl (Zl)ail‘ 2]‘2,(22)%J
Ty = e [ 247 (22) 4+ S 1) () 5|

2°, The stresses 0, Oy, Ty, are homogeneous functions,
According to Hooke's law, the tirst derivatives of the displacements with respect to the
coordinates are also homogeneous functions, Consequently, they can be represented in
the form
du

S =Relfi(e) +H()), sr=Relfa(z)+h()  (117)

S =Relfs(@) +fo(@)l, 5o =Relfr(z) + fo(20)]

The eight unknown functions of complex variables in (1.17) must satisfy the following
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six conditions, four of which are consequences of (1.1):

8 [ou 0 [ou o [ov) a v
i@ = la) wle) = lw) (1.18)
) (8111 V9 o A du\ 8 [onn
a|\7)‘a—x”a?’ 3 a—y)—a_z 3
dush 8 [dvs! 9 [ou2\ . d [0ve
W(T?;) - oy / ! Bx \ oy a9y \dy
Finally, making use of the formulas (1, 14), we find the representations
du ou
;‘;—Re [81(21) + g2(20)], E/‘ZRG [g3(21) 1+ 84 (2,)] (1.19)
8 v

° = = Re[g;(z1) + g5 (z9)], o Re [g6(21) — g2(25)]

Here the six unknown functions of a complex variable must satisfy the following four
equalities resulted from (1.18):

2185 (z1) = Vcl—z — 2,281 (1), 2186 (21) = 'V[sz — 2,2 84" (21) (1.20)
2998 (29) = — ch — 2,285 (22), 2094 (22) = ‘ch 2 —z,? gz (24)

Substituting (1.19) into the formulas (1, 3), we obtain the stresses
ax — U Re {Z_ 181 (21) -+ €6 (21)] — 286 (21) + 282 (z2)1 (t.21)

5y W Re {5 (1 (20) + 20 (20)] — 26 (20) — 26222
Ty = Re{2g5(z)) + €4(22) 1 85 (z2)}

3°. The potentials ¢ and i are homogeneous functions.
Since ¢ satisfies the wave equation for longitudinal waves and 1 for transverse waves,
the functions ¢ and v can bée represented in the form

¢ == Re fy (z)), ¥ — Ref, () (1.22)
Substituting (1.21) into (1. 3) and (1. 9), we have
u—Re[iy 22) Z 4 ) () aﬂ (1.23)
v R () T, — 1 )
5 = —pRe [ EEEI a) GE T2 2
5y~ —uRe o[ I @) T - 2 () )—/}
Ty - — I He(;—l[ZZJI’ (z,)% B . L XE 2) - ]

4°, The functions Ly, Ly are homogeneous. In this case for
every linear differential operator /. ,we have the representations (1.12), (1.16) where
instead of the displacements u,  and the stresses 0, , G, Txy we set Ly, Ly and
Lo, Lo, Lt,, ,respectively,
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5°. The functions Lo, Lo, Lt,, are homogeneous. In this case
the representations (1.19) — (1, 21) are valid, where instead of the displacements u, v
and the stresses 0, 0,,T,, weset Lu, Ly and Lo, Lo,, Lt,, respectively,

Thus, in all the indicated representations, essentially only two independent unknown
functions of a complex variable are involved, as in the static problems of the theory of
elasticity,

The general representations of the problems, symmetric with
respect to the z-axis, We present a sufficiently large class of problems of the
dynamical theory of elasticity (symmetric with respect to the z -axis) for whose solutions
we pose the following boundary condition:

Ty =0 for y=20 (1.25)
In this case we can obtain the general representation of the solution in terms of one
analytic function (of the same form for all the selfsimilar types indicated above).

The boundary condition (1, 25), on the basis of the representations (1.12) and (1.16),
(1.17) and (1.21),(1.22) — (1. 23) leads to the following supplementary equalities:

homogeneous displacements

2 ]/Cl~2 — z? ch—z — 2% i’ (2) + (52— 22%) fy/ (2) = 0 (1.26)

homogeneous stresses

265 (2) + g5 (2) + g5 (2) = 0 (1.27)
homogeneous potentials
22V o — 211 (3) + (e — 229) f,'(2) = O (1.28)

These equalities together with the equalities (1.15), (1. 20) or (1.22) (respectively) allow
us to espress all the quantities in terms of only one unknown analytic function of a com=
plex variable,
A similar class of problems in the statical theory of elasticity has been found by Wes-
tergaard [34],
We introduce the following notation
in the case when the functions Lu, Lv are homogeneous

u® = Lu, ° = Lv (1.29)
6,° = Lo, o,” = Loy, T = Lty
in the case when the functions Lo,, Lo,, Lt,, are homogeneous
J o p 1.30
e} = —— 1 .
u:ﬁ—Lu, v_atlv ( )
9 0 1. oy 9 1
600 =5yl o =g Loy, T V=g Lty

in the case when the potentials @, 1 are homogeneous
1

1
w = \u@, y,vdr, v =\v@y do (1.31)
0 0

i 1
O = gcx‘(x’ y, v)dv, Guo = \Gy (@, y, 1)dt, Ty = (Txy(w,y,f)dl‘
; 0 0
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In all the indicated cases the functions #° and v° are homogeneous. With the aid of
the notation introduced, all the general representations in terms of one analytic function
can be reduced to the following form :

= Re[U,(2)) + Us(zy)], V° = Re 1(21) + Ve (29)] (1.32)
o 9 2= 2 (017 — 2] (% 22 xrr (9 ' Az :
5 z;ngie{l( Ol B0y () G — W (5) & O
(72— 2 s ; -
5,0 — X Re {.(2_—_2112) W (5) 22 422W (2,) ‘a—y}

_ , Jz P _ . dz
Tay = TZ‘—‘{ Re {2 (e, 2 =222 ) W' (z) ’(;‘é‘ — 2(cg 2 — 22,1 ) W' (29) 5 2}
Here the functions U, (z) and ¥, (z) are expressed in terms of the function W (z) as:

(1.34)

L"-:/ (Z) sz n”( ) vy (z) = T—it

The functions ¢° (z, 0, #) and ¢,° (x, 0, #) are expressed in terms of the function
W (z) in the following manner:

y=0, *=ReW() (=1t (1.35)
: z8 ’ .
y=0, 5°=-Re {m =3 TTZ_(L)——‘ W (z)} (1.36)
2 [ — Z*=
Here and in the sequel, S (2) denotes the function
S (z) = (2 — 2222+ 422V et — 22 Ve T 2P (1.37)

analytic in the exterior of the cuts (—¢,™, —¢;™*) and (¢, ™t
real for Im z = 0 outside these cuts,

We note that the unique real root of the equation S (z) =0 is the quantity which is
the reciprocal of the velocity of the Rayleigh wave,

In the problems with given applied loads it is convenient to make use of the function
F (2), analytic in the upper (lower) half-plane

¢,"Y) of the plane z and

)

2" ]/(‘;‘2 — g2
Let us note the following formula which follows from the relations (1, 36) and (1. 38):
y=0, 06,°=tReF (z2) (z=1t/2) {(1.39)

2, The first fundamental problem. The boundary conditions of the first
fundamental problem for the half-plane are the following:

oy == fi(x, 1), Toy = fo(x, £)  for y =0 (2.1

Problem 2.1, The problem on the action of an instantaneous concentrated im-
pulse 1, applied to the boundary of the half-plane, is formulated in the following man-
ner: ‘
y = — I8, () 8, (1), Ty =0 for y =0 (2.2)

where 8, () is the Dirac function, This is Lamb’s classical problem.
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In this case the potentials ¢ and \} are homogeneous and we can make use of the
formulas (1, 31) — (1. 39). With the aid of the formulas (1, 39) and (1, 31), the boundary
conditions (2, 2) are written as:

¢

Imz =0, ReF(z):—I{sl(-jf—) (z:—) (2.3)

x

Here we have made use of the relation

t6,(a) = 8, (|

from the theory of generalized functions, Condition (2, 3) can be written

Imz=0, ReF (%) — _18,(2) (2.4)
The solution of the Dirichlet problem (2.4) has the form [24, 25]
F(L\):-i‘ F()=—"z (2.5)
From the formula (1. 38) we obtain
P ilry™2 Vr('f? — 32
W (z) = T S (z) (2.6)

Problem 2.2, Assume that a constant concentrated force /> for ¢ > 0 is ap-
plied perpendicular to the boundary of the half-plane and moves with a constant velo-
city ¥ along the z -axis, while for £ < ( half-plane was at rest, The boundary con-
ditions of this problem are the following:

Oy = =P8 (z— V)8 (), Ty =0 foriy=0 @7

where §, (¢) is the Heaviside function, By definition §," ({) = &, (£). In this case the
displacements are, obviously, homogeneous functions, According to the formulas (1. 39)
and (1,29), in which L = 1, the boundary conditions (2, 7) can be written in the fol-
lowing form: Imz =0, ReF(z) = —P8 (x — Vi) t8, () (2.8)

(z=1t/z, t>0)
Since for ¢ > 0
TS, () =1, o (z—VH=08(/t—V)

the boundary conditions (2. 8) can be written

Imz=--0, ReF <L> P8, (z—V) (2.9)
The solution of the Dirichlet problem (2, 9) has the following form:
i1 Pi
F b_) T T TiGE =)
i, e,
iPV 1z
F ()= — sy (2.10)

According to formula (1. 38) we have .
T _ PiemV 1 Ve =z 211
W) = S () (T 2) ( )
The displacements and the stresses are obtained from here with the aid of the formulas
(1.29),(1.32) - (1.34) for L = 1. For ¥V — 0 from(2.11) we obtain the corresponding
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solution for the fixed force. The paper [19] contains the solution of Problem 2.2 by the
method of integral transformations.

Problem 2, R, Let us assume that a constant pressure p is propagating at the
boundary of the half-plane 7 ~> 0 with a constant velocity |/ in both directions of the
x-axis ; for |[x] > V¢ the boundary is free of loads

Sy == — P, - Ty~ U for == 0 |z | < Vi (212)
6y =0, T =0 for v=0, o>Vt

In this problem, obviously, the stresses are homogeneous functions, According to the for-
mulas (1, 30) and (1. 39), where it is necessary to set L. = {1, the boundary conditions
(2.12) take the form
Imz—=0, ReF (2) = —pVt1d, (z — Vi) + 8, (z + V9l (2.13)
(z=t/x, t>0)
Since for t > 0 . [ x |
18, (x — Vt) = 61<T — V) , O (x V) =96 i V)

the boundary conditions (2.13) can be written as

Imz =0, ReF(—i—

A\

== PV = V)b V) (2.14)

The solution of Dirichlet problem (2.14) has the following form:

N pvi pVi -
F (‘_ T T RAE=v)  ae+ ) (2.15)

Z

~—

Fz)— — 2pV-iz
) TV 22 Vi
, 2pV ™ Yooy 22
Wi(z) = ap (V=2—2z2) 8 (2)
The displacements and the stresses can be obtained from here with the aid of the formu-
las (1,30), (1, 32)—(1.34) for L = 1.

3, Crack problems, We consider some problems of the motion of the cracks
with constant velocities ; these problems pre-
sent interest in the fracture mechanics,

P Problem 3, 1. Letusassumethatatthe
initial instant ¢ = ( a cut appears at the
origin of the coordinates and it starts to ex-

y tend with a constant velocity V' in both
directions of the r-axis; the sides of the cut
x are subject to a constant normal load p (Fig.
Vi V 7 ;j:_) 1). We assume that ¥V < ¢p, where cp is
the velocity of the Raleigh surface waves,
The boundary conditions of the problem
for the half-plane yy > ( have the form

Gy — p’ T;ry ] 0 (31.)
y for y=0, eVt

v=0, T,y =0 for y=0, |a>Vt

Fig. 1 In the unperturbed domain
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Gy = Gy ES Tx‘y =0 for x2 —+ y?> Cq12t2 (32)

Obviously, in this problem the stresses are homogeneous functions, According to formula
(1.30) for L = 1, and also (1. 35) and (1. 36), the boundary conditions (3.1) lead us to
the following boundary value problem :

Imz =0, |[Rez| << V!, ReW(s)=0 (3.3)

Imz=0, |Rez| >V, ImW (=0
To solve this problem it is necessary to know the behavior of the analytic function W (z)
for |z — V-1 and for z—> co. The point at infinity of the plane z corresponds to the

origin of the physical plane, where the displacement u is equal to zero and the displa-
cement » is bounded, Taking into account the representations (1, 30), (1. 33) and (1.34),

we have fromhere ;o ReWw () =0 (1), Im W (z) =0 (3.4)
Integrating the second condition (3, 3) and taking into account (3, 4), we can write

Imz=0, |Rez| >V ImWf() =0 (3.5)

The displacement » near the end of the crack x = V¢ becomes zero directly propor-
tional [17] to the factor (Vt — x)*»; consequently, according to the formulas (1, 30),
(1. 32).and (1. 34), the function W (z) can be written

Wi =00 VY] for z—F V' (3.6)
The solution of the boundary value problem (3. 3) — (3. 6) has the form [24, 25]

Az+4 B
Vaz—V-2

(Vaa=viE= 240z, 2> x)

W (z) = (3.7)

where A and B are some constants (the constant A is real). Because of the symmetry
condition, the displacement v at the crack is an even function of z, therefore, from
here, because of the formulas (1. 35) and (8, 7), we obtain B = 0. Consequently,
== -A—___z_' 5 l‘VI (Z) _ _ﬂja_‘

V& V2 (22 — V)
With the aid of the formulas (1, 35) and (1. 36) we obtain from here the displacement
at the crack and the stress o, at the continuation of the crack

W (z) (3.8)

v=AVIY (VIE=2 for y—0, | 2] <Vt (3.9)
t)x
. cs \2 ‘ S(t)dr
o = An <7) Re Vi iy o y=0Vi<z<at (310)

Tt

The constant A is determined from the conditions (3,1), which, by virtue of (3.10),
becomes

M

2 ‘ S (@) dr -

Au<i2.) N _—_p (V<M< 3.11

wi Vi@ v p (V1L ) (311)
€1~

The computation of the integral in (3,11), which exists in the sense of the principal

value, leads us to the following expression:
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12 1 B ) ~ ~
A= T =gy e A (V7 — e ) K (o) —
[ea® —4V72(c;™2 + ¢y72) - 8V E (0y) —
hey 2(V72— o7%) K (09) + 8V (V72— ) E ()}, (3.12)

Here K and £ are the complete elliptic integrals of the first and second kind, respect-
ively, The computation of all the quantities which represent physical interest can be
found in the Broberg's paper [6], whose solution is much more complex. If onthe obtaihed
solution we superpose a homogeneous extension ¢, = p, then, obviously, we obtain the
solution of the problem of the propagation of
y a cut with free edges.
We assume now that the load on the cut in
Broberg's problem increases direct propor-
Gy =P tionally with time, i. e. instead of (3,1) we
have the boundary condition g, == — p¢,
where p = const. Obviously, the solution
of this problem can be obtained from the
solution of Broberg's problem if in the latter
the displacements and the stresses are replaced
by the velocity and the derivatives of the
stresses with respect to time,

Problem 3.2. Let usfind the solution
of Baker's problem [5]: the semi-infinite cut
x < 0, y = 0 appears abruptly at time
{ = () and starts to expand along the x -axis with constant velocity V' (Fig. 2).

The boundary conditions have the form

6,=0, 7,y =0 for y =10, t IVt (3.13)

(h==1,2)

Fig. 2

=10, T =0 for y =0, x>Vt

Wwith the aid of (1. 35) — (1, 39) the conditions (3.13) lead to the following Hilbert bound-
ary value problems
Imz =0, Rez< Gl Rez>V?' ReF(z) =0 (3.14)
Imz-=0, ¢'<“Rez<< V", ImF(g) =

- F ()
fmz =0, ¢' < Rez=<lecyt, Im Ty = 0

The solution of this problem, symmetric with respect to the real axis, with the asympto-~
tic condition (3. 6), has the form [24, 25]

Al (z — c;zl)
T Vit vk

F(z) expT (2)

(3.15)

—1

i ¢ 4 Y(xt—ca ¥t — 1Y) _dr
I'(z) = — — S arctg ((Cz—z f Zrzc): T—1z

[Tt
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Here the radical 'z — V! is single-valued in the plane z with the cut (—oo,

V) along the real axis, ¥z — V2 >0 for Imz =0, Rez> Vv, Aisa
real constant, determined from the condition for x* + y% > ¢*¢* (Fig.2) and is

¢

P , (T — eg) exp T (1)
=2, J=Re 5

T Vv —ot (V1 —g)'n

dv Vi< M< ) (3.16)

where I'" (2) is the limiting value of the function I' (z) from below. The investigation
of the solution can be found in paper [5], where the cumbersome Wiener-Hopf technique
has been applied for the determination of the solution,

Problem 3,3. We assumethata cut —V¢<Cz< V¢ y = 0 starts to extend
under the action of instantaneous impulses of magnitude I, concentrated at the origin,
directed along the y -axis and in the opposite directions symmetrically with respect to
the z-axis, The edges of the cut are free of loads and we have zero initial conditions,
The boundary conditions for the semi-plane ¥ >> 0 have the form

oy = —I6, (D) 8.(8), Ty =0 for y=0, [z] <Vt  (3.47)
v=0, Ty =0 for y=0,]|z| >Vt (V<cg)

In this case the displacement potentials ¢ and ¢ are homogeneous functions. Because
of (1, 35) and (1.36) we arrive at the following problem:

Imz =0, |Rez| < V71, Re W' (z) =0

- 1 zS (Z) v Va4 — [62_2 i 3.18
Imz—0, [Rez|>V ,Im{——wz_m_zw (z)J (). (319)

(z = t/x)

This problem can be written in the form

Tea™2

1 10

Tmz =0, [Rez[<V, Im o W (TJZ—W&(z)
. . (3.19)

Imz=0, |Rez|>V, Re?—W’(\T):O

since S (z) = —2 2% (c;’2 — 17 ?) + O (1) for z —» oo.
Due to the formulas (1.31)and (1.36), for z — V! the function W (z) has order

0 (V z — V), since the stress o, at the end of the crack has a singularity of the
form p-'s,

The solution of the problem (3.19), under the indicated asymptotic condition, has the
form - Ies2 Vi 7z

==

Hence o Vii_—y—e
W' (z) — Teg™2 vV _ V (321)

T 2ap (et — a7 z

(3.20)

2ap (et —ea )

The displacements and the stresses are determined with the aid of the representations
(1.31) — (1. 36). For example, the displacements of the edges of the cut are

_ Tey 211 V(Vt)z — 22 Ww=0,]z|<¥ (322)
2I(H ((‘2—'2 — 17 %) 14
In fracture mechanics of fundamental importance is the stress field near the end of the

v
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crack, described by the stress intensity factor Ky

K;=1lim [s,V 20 (z — V1)] (3.23)
x—Vi
In the case under consideration this factor is
K- — 1Sy (3:24)

2tV (e () £

Problem 3.4, We give the solution of the problem, similar to the previous one,
where we assume that the crack extends under the action of a force pt, increasing with
time and concentrated at the origin,

The boundary conditions are

oy = — ptd; (x), 7T, =0 for y=0, [x|<Vt (3.25)
v=0, T,=0 for y=0,|x|>Vt ¥V <cr)

Obviously, in this case the stresses are homogeneous functions, The solution of this bound-
ary value problem is found as in the previous problem. It has the form
- 22

’ o pe2 : e
w (z) = 2 (272 - 73 (22— [,f—z)".z

(3.26)

In this case, according to (1. 30), (1. 32) and (3, 26), we obtain the displacement of the
edges of the crack (for ¥ = 0, | 2| < V) and the stress intensity factor,

v= pe: in
T2np (et 7?)

VISR |, VTSR (3

Vi
K =— AU L (3.28)

27 (V72— ) ey 7Y

With the aid of the developed method it is easy to construct the solution for a moving
crack with moving impulses or concentrated forces, Using these solutions as Green's
functions, we can construct the analytic solution of the problem in the case of an arbi-
trarily loaded crack. The analysis of the obtained solution is not within the scope of the
present paper,

4. Contact problems, Problem 4.1. We assume that a wedge-like punch
with opening angle 2a is pressed against a semi-plane with constant velocity v, (Fig. 3).
The wedge is assumed to be obtuse and symmetric with respect to the y -axis, At the
initial instant ¢ = O the vertex of the
wedge coincided with the origin, There is
no friction between the wedge and the elas-
tic semi-plane, The initial conditions are
zero, The boundary conditions of the prob~
lem are: (4_1)

v =yt — clga J'/'lv Toy = 0
for Yy == 0’ ,.T|<Vl
o, 0, 14, —0 for y 0, l";] = Vi

We restrict ourselves to the case V < ¢p
Fig, 3 The quantity | is subject to determination
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from the solution,

In the problem under consideration the velocities are homogeneous functions, therefore
we will make use of the representations (1, 29), (1. 32) — (1. 39) for L = 9/d¢. The boun~-
dary conditions (4,1) lead us to the following boundary value problem:

Imz=0, |Rez|<<V?! ReF() =0 (4.2)
Im z = 0, |Re z| > V1, Im F(z) =0

We seek the solution of the boundary value problem (4. 2) which satisfies the following

physical conditions: (1) the stress is bounded near the contact area x = =+ Vi, (2)at
the angular point = O the stresses have integrable singularities, (3) the stress g, (z
0, t) at the contact area is an even function of z. These conditions, as can be shown,

allow us to construct a unique solution of the boundary value problem (4, 2) in the fol-

lowing form (A is a real constant);

?

Az
Fi) = — —— 4.3
The quantities A and V' are obtained from the following conditions under the punch:
g%’.:uo, %:—ctgu for y=10, 0<lz<Vt (4.4)

These conditions by (1.29), (1. 35) and (1. 38) become

-1

Acy? ¢ 9 ()dt . (4.5)
—_— o =17V
T 05—1 S () °
Ao o ¢ 1@ (v) dv Viei— ¢
— Re S —sw =ctga, ¢(1)= _—m
¢
From (4.5) we obtain the constant A and the equation for V
. Woo J1 (V) L
A= sty ! Jo (V) Volga
V-1 co—1
_ @ (v)dt P (a2 — 2192 (1) dT
/1= Re S_ Sm o " 5_1 S () 51 (%) (4.6)

I

- ¢ (t)dT o T(ce2—2122 09 (1) dt
Jo=Re & bu)”il NGISIG

S (v) = (=212 — 42V e, t— 2 e T — 1o

With the aid of the formulas (4.3) and (1,39) for L = 9 / 0t we obtain the distribu-
tion of the pressure under the punch and the amount of the total force

6y =—A ln|w + V(:t)z = for y =0, |x|<Vt (4.7
1:[
P=—\ o,(z,0,t)dz = aAV? (4.8)

v
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This problem has been studied in a much more complicated manner in [18] , How-
ever, the author has taken the value of the velocity V' equalto V = v, tg &, while
the value of V has to be found from the
solution of the problem according to
equation (4. 6).

Problem 4, 2. We consider the
uniformly accelerated indentation of a
parabolic punch, symmetric with respect
to the ¥ -axis, into a semi~plane (Fig, 4),
We assume zero initial conditions,

The boundary conditions of the prob-
Fig, 4 gt lem are

v=1ygt? — bz, Ty =0 for y=0, x|V (4.9)
O'y::O, Txy:() for y:O, |x[>Vt

where & and g are specified constants, The quantity 7/ has to be determined in the
process of the solution, In this problem the accelerations are homogeneous functions,
and so we apply the representations (1, 29), (1. 32) ~ (1. 39) with L = 9% / 9t*. The boun-
dary conditions (4, 9) lead us to the boundary value problem (4.2) for the function F' (z).
We seek the solution of this problem which satisfies the following physical conditions:
(1) the stresses are bounded near the ends of the contact area x — = V¢ and at the ori-
gin for © = 0; (2) the stress g, (z, U, ?) at the contact area is an even function of z.
These additional conditions allow us to construct a unique solution of the boundary value

problem (4, 2) in the following form: 9 AV-1;
Fz) — A2 (4.10)
(@ — VY
Here A is a real constant, The quantities A and V are obtained from the conditions
under the punch, which follow from (4. 9)

=g, T2 =2 for y=0, [2] <V (4.11)

These conditions, with the aid of the formulas (4,10),(1.29), (1. 35) and (1, 38), can be
reduced to the following relations :

_. _us SV g
A== Te(V) 2
M I ‘}4 2 -
L:—msliilﬁ,mee VT aTdr g )
S )V —1y)7 S, SOyt

eyt 1

(V1< M < o)

which serve for the determination of A and 7V (the second is an equation relative to
V). From (4.10) and (1. 39) we find the distribution of the stress under the punch and
the amount of the total force acting on the punch

oy = —2AV (VI —2® for y=0, [z|<Vt (4.13)



Some dynamic problems of the theory of elasticity 601

Vi
P=— \ 6,0, 0)de=nAvi (4.14)
“ve
We note that on the basis of (4. 7) and (4. 13), the distribution of the pressure under
the punch in the dynamical problems under consideration coincides with the statical
ones, provided the width of the contact area is taken equal to 2Vt.

Problem 4,3, We consider the dynamical problem of cleavage of a brittle body,

We assume that at the initial instant / =0 asemi-
¥

2upt infinite wedge starts to move into an elastic
plane with a constant velocity v, , perpendi~
2 - * cular to the x-axis in both directions (Fig, 5).
-t 4 Z  Simultaneously, a rectilinear crack starts to
extend from the end of the wedge into its

continuation with constant velocity V the
Fig, & edges of the crack are free of stresses, The
initial thickness of the wedge is taken to be
zero ; the remaining initial conditions are also zero, Obviously, the problem is symmetric
with respect to the Z-axis. Therefore it is sufficient to find the solution in the semi-plane
y > 0. The boundary conditions of the problem have the form

V=14, Txy=0 for y=0, 2>0
6,=0, 7,y=0 for y=0, —Vi<lz0 (4.15)
v=0, 1,,=0 foo y=0, 2 -Vt

In this problem the.velocities are homogeneous functions, therefore we will use the
formulas (1,29) and (1.32) - (1,36) for L = 9 / dt¢.
The first boundary condition in (4.15) can be represented in the form
o2
Sr=vdi(t) for y=0, 2>0 (4.16)
The boundary conditions (4. 15), taking into account (4.16), lead us to the Keldysh-Sedov
boundary value problem

Imz =0, —oo< Rez<{—V? ImW(z) =0 (4.17)
Imz=0, —V?*'<Rez< oo, ReW (2) =18 (2)
We seek the solution of this problem satisfying the following condition: the stresseshave
integrable singularities at the end of the crack for ¥ = — V¢ and at the end of the

wedge for = (. We can show that this additional condition allows us to construct the
unique solution of the boundary value problem (4,17); this solution has the form [24,

25] ’ iZ)“V_a 2 Az — 1
Wi(z) = —; SyPETETE (4.18)

where A is a real constant; the radical VZ + V1i>Qat the lower side of the cut
(— V7!, 400) of the real axis, We determine this constant from the condition

6,=0 for y =0, —Viz0

which takes the form
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Re \ — AT USMIT o ( cpre oy (419
° ) TVimmmw v T (o =M=V (419)

—et

From (4.19) we obtain

gyt —_y-t

Y 0 $mdr © o d (D) v

A=, L= 5_‘ — 5,, dT[ - ]VT———+ = — %
_cﬁz—l _\{ 1

Jy = dt -+ _r

2 _}l_ Py (1) dT ué e g1 (T)] V +62 Q0"

_ 2¢,° (1) = 28 (1) (4.20)
e Ve a1 Vit o

(2_ — 2132

(Pz(T) == Vm ¢ V_l)a’

with the aid of the formulas (1. 30), (1. 35), (1. 36), taking into account (4,18) for L =
0 [ 9t and (3,23), we find the displacement of the upper side of the crack and the stress
intensity factor at the end of the dynamical crack

U::Z‘JR I/IJCIUHr 2) tarctg]/ Itjll] (4.21)

(/’—0;—[[< §

KV;ﬂZVﬂmu—Mﬂﬂwwt

Tore VT (VT — ¢ 2)':

(4.22)

Essentially through the efforts of Kolosov, Muskhelishvili, Westergaard,Galin and Radok,
a class of statical and steady dynamic elasticity problems have been discovered, whose
effective solution have been found with the methods of the theory of functions of a com-
plex variable, The approach developed in this paper, based on the Smirnov-Sobolev
functionally-invariant solutions, allows us to apply these methods to the effective solu-
tion of a similar class of dynamic problems of the theory of elasticity,

Appendix, Functionally-invariant solutions of the wave equa-
tion, We consider the wave equation in the plane case (a7! is the wave propagation
velocity) 0%u ‘ 3%u J%u

0?*‘0?::“ £ (A.1)

We seek solutions of the wave equation of the following form [1, 35]:

ulz,y, 1) =f(1) (A.2)
where f (t) is an analytic function of 7, the variable v being determined by the equation
L@t m@z i@ y-tpE) =0 (A.3)

Here [ (t), m (1), n (v), p (v) are some analytic functions of the complex variable T.
Equation (A. 3) determines T as a function of the variables «, ¥ and ¢. Computing the
second order z, y and ¢ derivatives of the function « with the aid of (A, 8) and insert-
ing them into Eq.(A. 1), we obtain an equation of the following form (the prime denotes
differentiation with respect to 7)
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% _(;?_T E’" « me (1) -4 n-é(lr) - a2 (7) ] 0 (A.4)
§ =l @Metm (M tn(y-p (1):=0

It follows from (A, 4) that f (1) is the solution of the wave equation (4, 1), provided the

coefficients of the auxiliary equation (A. 3) satisfy the relation

mi(t) - n2(r) —a* () =0 (A.5)
Obviously, both the real and the imaginary part of the function f (t) also satisfy the
wave equation (A, 1) [1]. The constructed solutions f (1) of the wave equation have
been found first by Smirnov and Sobolev in 1932 [1].

We consider the particular case of the functionally-invariant solutions of the wave
equation when the function p (v) - 0. Taking into account (A, 5), we set

-1, m@@)=-—z. n(1) — V.a'-' — 22 (A.6)

Then Eq, (A, 3) takes the form

toozzo- Var -zty. 0 (A.T)
or
{-zf— Va—22q=-0 (5 -a.t, M=yt (A.8)

Here the branch of the radical is fixed by the condition (s is the new complex variable)
Var 22 iz oY
We can see from (A, 7) that the solutions f (z) of the wave equation are functions of the
arguments § and 1, i, e, homogeneous functions of z, ¥, ¢ of zero dimension,
Let us investigate in detail Eq, (A. 8), The radical V a? — z¢ is single-valued in the
plane of the complex variable z with the cut (—a. -+a) along the real axis., Solving
Eq. (A. 8) relative to z, we obtain

P -im Vi G m) wto iy th 1{-‘(1“ = 4f) (A.9)
2 i 'rl‘.! xre =-y?

e

gt

Here the radicals have positive sign for
PVE—QR @ ) >0, 22yt >Ry 0 (A.10)

For fixed ¢ and 71 by virtue of (A, 8) we have a straight line, We will consider that
part of the line on which ¢ > ¢ and we will call the half-line aray, According to(A,10),
these rays form a conical bundle with vertex in the origin and with an opening angle
arcty a”! at the vertex, the axis of the bundle being the /-axis, Equation (A, 8) or (A.9)
makes to correspond to the rays of this bundle the complex values of the plane : with
the cut (—a, --q) along the real axis, We note that to the rays which form the surface
of the bundle & - o ar or a? -yt o (A.11)

there correspond the points of the cut in the z-plane, To the bundle axis « - y 0
or § w0 there comesponds the point at infinity of the plane, To the half-plane
y 2> 0 (y < U) there corresponds the half-plane Iz < (Im z > ). We investigate
the values of z for those points (£, n), which lie outside the bundle mentioned above,
i,e, for the points where we have

STt or syt ai (A.12)
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Equation (A, 8), under the condition (4, 12), gives two real roots belonging to the segment

{(—a, -ta) Edm V@ e — ct+y Va (s + g — i
- 2% 4 y?

2 ==

L2 R (A.13)

Let Mo (zo, yi, ) be some point outside the conical bundle, its coordinates satisfying
inequality (A,12),and let z), and z0 be the corresponding values of z according to
(A.13), Inserting the values z = z),, z = z, into Eq, (A, 8), we have two planes in the
space xyf which pass through the point Mo. Hence,to each value z, on the cut {(—a,
-+a), there corresponds some plane in the space zyt. This plane passes through the ray
of the surface of the conical bundle corresponding to the value z = z; and is tangent
to the surface, Otherwise the plane would intersect this surface and part of it would be
inside the conical bundle, It would follow that to a point lying inside the bundle there
correponds a real value z = z,. According to (A, 9) and (A, 10) this is not possible,

Let f (z) be an analytic single~valued function on the plane with the cut (—a, -+-a)
and assume that the corresponding solution

w(x, y, 1) = Ref(z) (A, 14)

is defined inside the conical bundle (A,10). We indicate a method of continuous exten-
sion of this solution into the space outside the conical bundle (A,12). We consider the
family of half-planes P, tangent to the surface of the bundle (A, 11) of one direction,
taking in (A, 13), for example, only the upper plus sign, These tangent half-planes will
not intersect and they fill out a part of the space outside the bundle, At one of these
planes f (z) maintains a constant value and we can define in a single-valued manner
the solution u (#, ¥, t) outside the bundle, making use of the same formula (A, 14)which
gives the solution inside the conical bundle, In a similar manner we can extend the
solution outside the conical space along the half-planes P_ of the other direction, We
can decompose the function » into two terms u = u; (z) + u2 (z) and extend one of them
along the half-tangents P, and the other one along the half-tangents P_. It follows
from here that the methods of extensions form an uncountable set.
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We prove a theorem on the instability of the equilibrium of a dissipative sys-
tem in the absence of a maximum of the force function, The dissipation is
partial and is absent only in one of the degrees of freedom. The proof is based
not on the linearization of the differential equations but on Liapunov's direct
method and uses a somewhat modified form of Krasovskii's theorem, The insta-
bility is established for systems with arbitrary nonlinear dissipative forces and
an isolated equilibrium,

1, Statement of the problem, Let ¢’ — (¢,. ¢, - - ., ¢,) be the gene=
ralized coordinates of a holonomic mechanical system with » degrees of freedom (here
and later the prime denotes transposition), We assume that the kinetic energy is a quad-

ratic form in the generalized velocities ¢, ¢, .. ., ¢,
21 (g, q) D) ap(@)aiqs (0 A g (1.1)
el
where .1 (q) - || @, 1| We assume that the functions «;; (¢) are continuously differ=

entiable in some neighborhood of the point ¢ =0, the matrix A is symmetric, and quad-
ratic form (1.1) is positive definite in q .

Let the force function {/ (y) also be continuously differentiable and, besides conser-
vative forces, let there act only dissipative forces, so that the equations of motion have
the form



